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qq , Abstract 

■ We propose a scheme in which entanglement can be transferred from atoms (discrete variables) 

| to entangled states of cavity fields (continuous variables). The cavities play the role of a kind of 

, ^ . quantum memory for entanglement, in such a way that it is possible to retrieve it back to the atoms. 

' In our method, two three level atoms in a lambda configuration, previously entangled, are set to 
interact with single mode cavity fields prepared in coherent states. During the process, one e-bit 

^— H ■ of entanglement may be deposited in the cavities in an efficient way. We also show that the stored 

' entanglement may be transferred back to flying atoms 

r c* '. 1 Introduction 

+Jj . The investigation of quantum entanglement and its manipulation has been of significance given the rele- 

vance of entanglement as a resource, e.g., for quantum information. A particularly important aspect is the 
transfer of entanglement, specially if one has the purpose of building a quantum network. Recently, we 
^-i have seen the introduction of schemes termed "entanglement reciprocation" , in which quantum entangle- 

'— 1 . ment is transferred from discrete to continuous variables systems and vice- versa p] [2] . Such processes of 

course widen the possibilities for entanglement storage for further use; in the proposed methods, "flying" 
quantum systems (atoms) may deposit entanglement to "stationary" quantum systems (cavity fields). 
' In a similar fashion, entanglement can be subsequently retrieved back to flying qubits (e.g., atoms). A 

. peculiar aspect of those schemes is that the cavity field states are actually continuous variable states 

built from quasi-classical coherent states, rather than being discrete photon states. Interestingly, in the 
scheme presented in |T] , it is shown the possibility of storing one e-bit of entanglement for specific ranges 
of values of the atom-field interaction time and a, the amplitude of the initial coherent state in the cavi- 
ties, and having a success probability of 25%. In fact, atoms interacting with continuous variables fields 
could allow more than one ebit of entanglement to be accumulated, even without using entanglement as 
a resource [3]. It would be of importance, though, to seek for more flexible schemes of atom- field and 
field-atom entanglement transfer. A different proposal is found in reference [2], where it is discussed a 
model in which auxiliary classical driving fields are injected inside the cavities (initially in the vacuum 
$H ' state) at the same time that they are crossed by the atoms. The authors show that it is possible to 

achieve a complete transfer of entanglement from qubits (atoms) to continuous variables (cavity fields) 
and vice- versa. Here we propose an alternative scheme for entanglement reciprocation in which it is pos- 
sible to deposit one e-bit of entanglement in continuous variables states but without the need of classical 
auxiliary fields. This is made possible for a wide range of interaction times, and we show that one may 
also retrieve the stored entanglement with an efficiency of 100%. In our scheme, two three-level atoms 
in a specific lambda configuration are sent across two spatially separated cavities previously prepared in 
single mode coherent states. The atomic upper level is assumed to be highly detuned from the field, in 
such a way that we end up with an effective Hamiltonian describing the atom-field coupling inside the 
cavities. After the interaction is accomplished and the atoms leave the cavities, they have their internal 
states measured. As a result, the cavities collapse in entangled continuous variables states having up to 
one e-bit of entanglement. Once entanglement is stored in the system of cavities, we show that it can be 
fully retrieved, for instance, by two independent flying atoms crossing the cavities again, i.e., the scheme 
here proposed allows entanglement reciprocation in a straightforward way. Our paper is organized as 
follows: In Sec. II we present our model with its solution. In Sec. Ill we describe the process of entan- 
glement transfer from atoms to the field, and in Sec. IV the reverse process. We present our conclusions 
in Sec. V. We also include an Appendix with a detailed derivation of our effective Hamiltonian. 
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2 Model 



We consider that initially two identical three-level atoms conveniently prepared in a maximally entangled 
state are sent through two independent high-Q cavities. The atoms, in a lambda configuration, are 
assumed to have two ground states (here denoted as \gi) and I52)) having an energy separation E g2 —E gi = 
HS between them. The excited state |e) is such that E e — E gi = hA + Tiui, where uj is the frequency of the 
single mode field, as shown in figure [TJ We would like to obtain an effective Hamiltonian in the regime 
of high atom- field detuning. This may be accomplished if we take the limit A 3> g\ , g^ (31 , 32 being the 
atom- field couplings). We also assume two close ground states, in the sense that A ^> 5. The resulting 
Hamiltonian (its derivation may be found in the Appendix) considering terms up to the first order of 
e = S/A is 



H e = 

H° e = 

+ 

Hi = 



H° + Hi 

hoja) a + 



E gi - h^afa 
9l 



E g , + HS - Ti^ (1 + e) a f a 
H\a i a(ag 2 g 1 + a gig2 ), 



(1) 



where A = —.91.92 (2 + e) /2A is the effective coupling constant, a\ (a^ ) are the photon creation (angu- 
lation) operators for each cavity, and c giS2 , cr g2Sl are the transition operators for each atom. Note the 
presence of the Stark shifts which arise in the process of adiabatic elimination of the excited level \e). 
We would also like to remark that in the limit of 6 — > 0, i.e., the ground states having the same energy, 
we recover the result of the simple degenerate Raman model [4] . In order to simplify the calculations, we 
assume couplings of the same order of magnitude, more specifically, gi w 31/Vl + e. Under such condi- 
tions, the time evolution of the atom-field states due to Hamiltonian in equation ([T]) may be summarized 

by 



- iH ° t / R \a,g 1 ) = \£)\g 1 )-±\a-)\g 2 ) 
- iH ^ n \a,g 2 ) = \C-)\g2)-l\a.)\ gi ), 



(2) 



where the (unnormalized) states above ared 



\a-} 

\Xa) 



W) ~ \*") 
\a') + \a") 

Iav) - \xo 



\£) = \\a + )+e-^(e^/ 2 -l)\0) T ^- o \x- a ), 
with \ Xa ) = E«=i e "' Q|2/2 ^l n )' A o = Si7 A ' «' = e~ luJt a, and a" = e l2 3i t / A a'. 



3 Atom-field entanglement transfer 

Now we would like to consider atoms (1) and (2) prepared in a maximally entangled state and the cavities 
(a) and (b) prepared in coherent states \a) a and \(3}b, respectively, or 

|V>(0)) = |a>a|a> 6 (|<?i>i|<?2> 2 - |fl2>i|si> 2 ). (3) 
After a time t we will have the (unnormalized) state 

Hit)) = -\\9x)i\9xh{\Oa\a-) h -\a.) a \^) b ) 



2 Non relevant global phase factors have been discarded for simplicity. 
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Figure 1: Configuration of atomic levels. 



- i}\g2)i\g2h{\a-) a \£ a }b - \L)a\a-)b) 

+ |52}i|3i)2( i |a_) |a_} 6 - |£->«l£>t) 

+ |5i>i|fla>2(|^)a|C)6-^|a-)a|a-> t ). (4) 

Therefore, after having the atoms measured either in |.9i)|.9i) or | (72) 1 52) , the resulting cavity states will 
be, respectively 

|Cu) = |£)a|a->5-|a->.|£>6, (5) 

or 

\C 22 ) = \a-) a \£-)b-\C)a\a-) b . (6) 

Interestingly, one may show [5] that the states |Cn) and IC22) are maximally entangled states (contain 
one ebit of entanglement), irrespectively of the values of the parameters involved. This can be clearly 
seen if the states |Cn) and IC22) were written in an orthogonal basis in which they are expressed by a 
superposition of equally weighted orthogonal states. Nevertheless, in order to obtain maximum entangle- 
ment, one should avoid specific interaction times, i.e., 2Aq£ 7^ 2m7r, with integer m, since for those times 
the cavities will be in a product state. Now, if the atoms are measured either in 1 52) 1 Iffi )2 or |<7i)i|<72)2, 
the resulting cavity states will be, respectively 

\C2i) = \\a-) a \a-) b -\S-) a \£) b , (7) 

or 

\Cl2) = \£)a\G)b-\\<*-)a\<*-) b . (8) 

For symmetry reasons one may know that states IC21) and \C\2) have the same amount of entanglement. 
Therefore it suffices to calculate the entanglement in one of them, e.g., in IC21). In order to do so we 
first need to normalize it. From 

l&-)= n \ > -) and \it)= , 1 \0, 

we obtain 



ICai) = 



Nc 21 



(9) 



with a normalization factor 



Nr 



16 



+ (a_|C>("-|^+» 



1/2 



(10) 



Following [5] , we may write the eigenvalues of the reduced density matrix of one cavity, p a = Tr^ ( | C21 ) (C21 1 ) , 
as 

M± = \±\^l-±\adN 1 N 2 \\ (11) 



wherea= <o_|a_)/4JV Cai) d = -yf \& )(&\&)/N Cn> and JV X = ^1 - |<a_|^>| 2 , iV 2 = ^l-|<o_|£ 
We may then calculate the amount of entanglement in state IC21) using the von Neumann entropy, or 



E = -fj, + \og 2 (p + ) - fi_ log 2 (/x_ 



(12) 



In figure [2] we have a plot of the von Neumann entropy £ as a function of Ao£ and the initial coherent 
field amplitude a. We note that the entanglement is strictly zero only at times \$t = 0, 7r, 27r, 37r, . . ., and 
that entanglement transfer is relatively robust against variations in the interaction time, especially for 
large values of a, e.g., a > 2, as one may see in the plot. We could ask what would be the dependence of 




Figure 2: Entanglement in state \C21j as a function of Aot and a, the initial coherent amplitude in the 
cavities. We chose 8/Xq = 1/10. 



the entanglement in state IC21) on the parameter S/Xq. Interestingly, as shown in figure [3l specially for 
larger values of the amplitude a, the entanglement is not very sensitive to variations in 5/Xq. 



4 Field-atom entanglement transfer 

Now we would like to discuss an example of entanglement transfer from the cavity fields to atoms, a step 
needed to complete the reciprocation process. Let us assume that the cavities had been previously pre- 
pared in state \C\\) (for instance, using the method described in the previous section after an interaction 
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Figure 3: Entanglement in state \C21j at a time \$t = n/2, as a function of 5/Xq. The coherent state 
amplitudes are a = 1 (dotted line), a = 3 (dashed line) e a = 5 (solid line). We note that a significant 
decrease in entanglement occurs for small values of the initial coherent amplitude, e.g., a = 1 and for 
larger values of s. However, in such a situation our effective Hamiltonian H e (equation [l} is not valid 
anymore. 



time around U = 7r/2Ao) and two independent atoms fly across the cavities, i.e., the atom- field initial 
(unnormalized) state is 

\m) = |fli>i|ffi>a|Cii>. (13) 
The evolution under Hamiltonian H e requires the calculation of e _ ' ifle */ fi |<7i}|£+ }, which is given by 



-iHet/h 



-i(w gi +8/2)t 



(|<?i)|aux-l) + | ff2 )|aux-2)), 



where we have defined the auxiliary states 



|aux-l) = [|^ i ) + |^ i )+2e-H 2 /2( e «t/2_ 1 j |0) 

IXai ) |X— ai) ) ' 



and 



|aux-2) 



4A 



1 s 

--(!«!_) + I - ai_)) + ^-(|Xai) - IX= ai )) 



Now, together with equations [2j we are able to calculate the joint atom-field state evolution, \ip(t)) = 



-m e t/n 



|^(0)), which may be written, if we disregard a global phase factor, as 
W)) = l5i>i|5i) 2 [|aux-l) a (|^ 1 ) 6 

- |£ ai >*) - (ICi)a - |^ ai ) a )|aUX-l) 6 

- ^|ff2>i|52>2[|aux-2>a(|ai->6 - I - ai-)b) 



\ai-} a - I - ai-)a)|aux-2) b 
1 



I3l)l|ff2 



|aux-l) a (|ai_) b - I - ai-}b) 



(\& 1 )a-\£ ai )a)\* a *- 2 )b 



m)i\9i}2 



|aux-2) a )(|C+) b -|^ Ql ) b ) 
- I - a 1 _) tt |aux-l)6 . 



(14) 



Remarkably, provided the cavities are projected to the same coherent states, say |ai) a |a)t>, and inde- 
pendently of the interaction time, we may show^ that the terms multiplying |<?i)i|<?i)2 and |<?2)i|<?2}2 
vanish, and the terms multiplying | (72) 1 1 <?i) 2 and | <7i ) 1 1 <?2 ) 2 differ only by a minus sign. Therefore, after 
the projection of the cavity states, the resulting atomic state will read 

|*-) = -^(lfli>i|fl2>2-|fla>i|5i)2) ) (15) 

which is a maximally entangled state and is locally equivalent to any other state of the Bell basis. 
Therefore, at least in the ideal case, entanglement reciprocation is possible with 100% of efficiency, i.e., 
the entanglement of flying atoms previously prepared may be fully transfcrcd to cavities, stored, and then 
fully retrieved from the cavities back to a pair of flying atoms. It is worth mentioning that field-atom 
entanglement transfer is also possible from different initial cavity states, and the particular initial state 
|Cn) has been chosen for the sake of simplicity. We also would like to point out that if the cavities were 
prepared in one of the states IC12) or IC21), the atomic entanglement as a function of the interaction 
time and the coherent amplitude a has a behaviour similar to the one presented in figure [2] 



5 Conclusions 

We have presented a scheme for entanglement transfer from discrete to continuous variables which would 
allow, in principle, a complete retrieval of entanglement back to discrete variables. In that scheme, atoms 
act as flying qubits and entanglement is stored in entangled field states. Our model consists of a three- 
level atom in a lambda configuration interacting with a single quantized mode field, in such a way that the 
lower atomic levels are almost degenerate while the upper level is far off resonance from them. But unlike 
the two-level atom case, that particular three-level configuration has a periodic dynamics, and quantities 
such as the atomic inversion (and entanglement) will show periodicity. In the case of entanglement, we 
note a recurrence of plateaus (see figure [2|) indicating maximum entanglement. We remark that due to 
the proximity in energy of the ground levels, we expect similar quantum properties for the generated 
fields (e.g., entanglement), irrespectively of the outcome of the atomic state measurement, as we have 
demonstrated. As a matter of fact, in the special case of exactly degenerate ground states (degenerate 
Raman model), the generated fields will be maximally entangled coherent states (provided the amplitude 
a is large enough) independently of the detected atomic states, as in models of that type the interaction 
of one atom with a single cavity naturally allows the generation of superpositions of coherent states. 
We may point out some advantages over previous approaches; for instance, there is no need of classical 
external fields [5] to achieve entanglement reciprocation. Besides, our scheme is very flexible concerning 
the interaction times, i.e., precise interaction times are not required in order to to have full entanglement 
transfer, as seen in figure [2j This is particularly important as it may turn the scheme less sensitive to 
experimental errors and also help to minimize the destructive effects of cavity losses. Moreover, while the 
method presented in p] has a success probability of ~ 25%, in our method full entanglement transfer will 
occur irrespectively of the measured states of the outgoing atoms. In particular, if we had only considered 
the cases in which the atoms are detected in \gi, g±) or \g 2 , 32), then the cavities would get fully entangled 
(one e-bit) independently of both the initial coherent amplitude and the interaction time. 



6 Appendix 

The Hamiltonian describing the coupling of a single mode field with the three-level atom represented in 
figure [T] is 

H = H + Hi , 

H = huja^a + E gi a gigi + E g2 a S2 g 2 + E e a ee , (16) 
Hi = hgi(acr egi + aJa gie ) + Hg 2 (aa eg2 + aV 92e ), 

where gi (g 2 ) is the coupling for the transition |<7i) <-> |e) (\g 2 ) *-* |e)), a and are the annihilation 
and creation photon operators and <7jk = \j)(k\ is the atomic transition operator. We assume that the 

3 This is easily seen as long as the state \tp(t)} is expressed in terms of states \aj) and 



couplings have the same order of magnitude, g\ ~ g 2 . The detunings A and S, are such that 

hA = E e — E gi — Tiij and hS = E g2 — E gi . 

The effective Hamiltonian may be obtained from the full Hamiltonian in equation (|16p via the the ap- 
plication of a unitary transformation, following well known methods of obtaining effective Hamiltonians 
[HI [7] . We may therefore write our transformed Hamiltonian as 

H' = e s He- s , 

where 

c _ 9i i + i i 92 , + v 

= effl ~~ a a 3ie) + ^( a(J e g2 - a<a g2e ). 

We may use the expansion A' = e^ B Ae~^ B = A + £[B, A] + |r [B, [B, A}] + . . ., to rewrite our Hamiltonian 
as 



H' 



Ho + h 



A ~ r A — . 



9l 



ho) 



A "fflfll 

9i 92 



A-S 



(2A~6)(a g2gi +a gig2 ) +0(g 2 /A'). 



2A(A - 5) 

Assuming that <5 is small enough, i.e., e = <5/A <C 1, as well as gij A <C 1, so that we can neglect terms of 
second order in e and in gi/A, we obtairQ our effective Hamiltonian in equation [TJ Note that if g\ = g 2 
and (5 = the effective Hamiltonian above becomes exactly the degenerate Raman Hamiltonian [4] . 
The diagonalization of Hamiltonian in equation {!]) gives us the eigenvalues 



£+ = hum + E gi + K5 



l+T 



and 



£— = hum + E„, — 



hg\n 



A 



l + 7 2 (l+e) 



hS 



1 + 7 2 



being 7 = (72/51- The corresponding cigenstates are 



\n,tp + ) = -ci\n, gi) + c 2 \n, g 2 ) 
\n,(f-) = c 2 \n,gi) +d\n,g2), 



with 



and 



Cl 



C2 



7 



7 



SA 



2(1 + 7 2 ) 5 2 n(l + 7 2 ) 2 
7<5A 



7£ 



7 2(1 + 7 2 ) ff 2 n(l + 7 2 ) 5 



By applying the condition g 2 ~ g±/y/l + i to the coefficients ci and C2 above, we obtain equations [2] 
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4 We have taken cr ee = as state |e) is never populated. 
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